Let M , N be finite-dimensional manifolds with M compact. This paper looks at the Riemnannian geometry on the space C ∞ (M, N ) of smooth maps equipped with the L 2 -Riemannian metric. This metric was used by Ebin and Marsden in the proof of the well-posedness of the incompressible Euler equation and is related to the Wasserstein distance in optimal transport. The paper gives an introduction to the challenges of infinite-dimensional Riemannian geometry and shows how one use general connections to relate the geometry of N and the geometry of C ∞ (M, N ).
Introduction
Let M be an orientable compact manifold without boundary of dimension m with volume form µ ∈ Ω m (M) and (N, g) a Riemannian manifold. We assume N is finite-dimensional although it does not have to be compact or complete. The purpose of this note is to discuss the Riemannian geometry of the L 2 -metric on the space C ∞ (M, N) of smooth maps, defined by
When talking about spaces of maps one has to choose a regularity class and the choice C ∞ (M, N) is one among many. It is not entirely arbitrary, because the space C ∞ (M, N) allows us to use the framework of convenient calculus with its wealth of permitted geometric constructions. Afterwards we will show how to extend the results to Sobolev spaces H s (M, N) with s > dim N/2 and to classical C k -spaces C k (M, N) with k ∈ N.
Applications
The L 2 -metric was first used by Ebin and Marsden [4] in the proof of the well-posedness of the incompressible Euler equation. The L 2 -metric on the whole diffeomorphism group Diff(M) is not right-invariant, but it is right-invariant when restricted to the subgroup Diff µ (M) of diffeomorphisms preserving the volume form.
A second application is optimal transport. Assume µ has total volume 1. We consider the push-forward map from diffeomorphisms onto volume forms with volume 1. Then π is a Riemnnian submersion from Diff(M) with the L 2 -metric onto the space of volume forms with a suitable Riemannian metric. More importantly, the geodesic distance of this metric on the space of volume forms is the Wasserstein distance. This was first discovered by Otto [16] , a recent overview article is [15] .
Is this really infinite-dimensional?
The Riemannian geometry of the L 2 -metric on C ∞ (M, N) is intimately connected with the Riemannian geometry of (N, g). This can be seen from the following informal derivation of the geodesic equation g q(t,x) ∂ t q(t, x), ∂ t q(t, x) µ(x) dt .
Using convenient calculus, the following maps can be identified witch each other,
and all three are smooth maps between the respective spaces; this is the exponential law for convenient vector spaces, [10, Section 3] . Note that the first map is a oneparameter variation of a smooth path, while the third map is a smooth map between finite-dimensional spaces. We will use q to refer to all three of them. Hence, computing the variation ∂ ε | 0 E of the energy reduces to computing, for each x ∈ M, the variation of the Riemannian energy on (N, g).
This shows that L 2 -geodesics satisfy the equation
in other words, q(·, x) is a geodesic on (N, g) for each x ∈ M. Why did we call this derivation 'informal' ? What we did compute is an equation that every L 2 -geodesic has to satisfy. However, the 'geodesic equation' on a Riemannian manifold is the equation
with ∇ being its Levi-Civita covariant derivative. The above calculation does not derive a formula for the Levi-Civita covariant derivative of the L 2 -metric. In fact, because the L 2 -metric is a strictly weak Riemannian metric 1 , the existence of the Levi-Civita covariant derivative is not even guaranteed a priori. To be able to speak of the geodesic equation for the L 2 -metric, we need to show first that the L 2 -metric admits a Levi-Civita covariant derivative.
The covariant derivative in infinite dimensions is a tricky object. Formally, if M is an (infinite-dimensional) manifold, it is a map
and ∇ X Y is the derivative of the vector field Y in the direction of the vector field X.
. We don't have a practical way to describe these maps or to work with them. In charts a covariant derivative can be written using Christoffel symbols 2 as
Christoffel symbols, however, can only be defined in charts. On
. Charts for C ∞ (M, N) obscure the geometry of N. We could also consider charts for N, but in general the image of a map q : M → N will not be contained in a single chart 3 . Thus we are forced to conclude that charts are not a helpful tool to relate the geometry of C ∞ (M, N) and that of N.
What can we use then? The first tool at our disposal is the description of a covariant derivative ∇ via its connector K :
One can view the connector as the coordinate-invariant form of Christoffel symbols, because in local coordinates,
Our second tool is the observation that if N ⊆ P is a submanifold, then
) is a Riemannian manifold and N 1 The topology induced by the inner product G q (·, ·) on each tangent space T q C ∞ (M, N ) is strictly weaker than the manifold topology. 2 This is true for Levi-Civita covariant derivatives. In general, the relationship between covariant derivatives and Christoffel symbols in infinite dimensions is not entirely clear. It may be that there exist covariant derivatives that do not admit Christoffel symbols although no explicit examples are known. 3 One can consider multiple charts covering M and a neighborhood of the image of q. In this way one can identify C ∞ (M, N ) with a submanifold of a vector space. See [7] where this construction has been carried out for the spaces H s (M, N ).
carries the induced Riemannian metric, then the 
the Riemannian geometry is as simple as one can hope for.
Outline
Our plan for this note is as follows: First we review the differential geometry of the manifold C ∞ (M, N) and the functorial nature of the correspondence
The functorial nature manifests itself in identities such as
Next we revisit the extension of the Levi-Civita covariant derivative ∇ g to vector fields along arbitrary maps. The formula
can be extended to maps s : P → T N with P an arbitrary finite-or infinite-dimensional manifold. The choice P = C ∞ (M, N) × M together with the exponential law alows us to define a covariant derivative ∇ on C ∞ (M, N). We then compute the connector, spray, exponential map and curvature tensor of this connection.
Finally we look at the L 2 -metric and show that the connection described above is the Levi-Civita connection of the L 2 -metric. We show this first for the space C ∞ (M, R d ) and then embed N as an isometric submanifold in R d .
Historical notes
The L 2 -metric was first considered on the diffeomorphism group Diff(M) by Ebin and Marsden in [4, Section 9] . There the authors used the group structure of Diff(M) and right-invariant vector fields to show that the Levi-Civita covariant derivative exists and computed the spray and the exponential map of the metric. A different proof, also utilizing the group structure, can be found in [1, Proposition 2] and a curvature computation in the same setting was performed by Misio lek in [14, Proposition 3.4] . Because of their reliance on the group structure these proofs do not extend to the whole space C ∞ (M, M).
Kainz calculated in [8] , generalizing the work of Binz [3] , the Levi-Civita covariant derivative and the curvature of the related metric
on the space Imm(M, N) of immersions. These calculations used the connector-based formulas for the covariant derivative and the curvature that were adopted in this note.
Freed and Groisser summarize in [6] results about the L 2 -metric with the proofs only sketched. The L 2 -metric with a flat ambient space was used in the context of optimal transport by Otto in [16] . An overview of the L 2 -metric and its relation to hydrodynamics and optimal transport can be found in the book [9] by Khesin and Wendt.
2 The manifold C ∞ (M, N )
Functorial properties
Let M be compact manifold without boundary and N a finite-dimensional manifold. Then the space C ∞ (M, N) is an infinite-dimensional Fréchet manifold. We refer to [10, Chapter 9] for details on the differentiable structure although the ideas go back to Eells [5] . Here want to emphasize the functorial nature of the correspondence
Let P be another finite-dimensional manifold and f : N → P a smooth map. Then we obtain the smooth map
which is the left-composition with f . Other notation for L f that can be found in the literature are f * for push-forward, ω f , and C ∞ (M, f ) to emphasize that L f is the transformation of the morphism f : N → P under the functor C ∞ (M, ·). The functor C ∞ (M, ·) commutes with the functors commonly enountered in differential geometry such as the tangent bundle functor. In detail this means that the commutative diagram
gives rise to the two commutative diagrams-the first obtained by applying C ∞ (M, ·) to the above diagram and the second by applying the tangent functor to the map L f :
Because the two functors commute these diagrams coincide. Apart from the identification of the spaces
we also have the following identities summarized in the next lemma.
Lemma 2.1. Let M be compact N, P finite-dimensional and f ∈ C ∞ (N, P ). Then
We will write π C ∞ for π C ∞ (M,N ) when the spaces in question are clear. We shall also make use of the following theorem relating submanifolds and the corresponding spaces of maps. A proof can be found in [11, Proposition 10.8] .
The second tangent bundle
Let M be a compact manifold and N a finite-dimensional manifold. The two vector bundle structures on T T N induce two corresponding vector bundle structures on
The vertical bundle,
consists of maps that map pointwise into the vertical bundle V T N. Since
the vertical lift also acts pointwise,
as does the vertical projection
The statement about the vertical lift follows directly from the definition,
and the statement about the vertical projection, because
The canonical flip on N, κ N : T T N → T T N is given in coordinates by
and can be characterized as the unique smooth map T T N → T T N satisfying the equation
. Using this property we see that the canonical flip on C ∞ (M, N) also acts pointwise,
Let ∇ g be the Levi-Civita covariant derivative of (N, g) and
The connector point of view allows us to extend the covariant derivative to act on vector fields along maps. If f : P → N is a smooth map, s : P → T N a vector field along f , meaning π N • s = f and X ∈ X(P ) is a vector field on N, then we can define
There is no reason, why P has to be a finite-dimensional manifold and so we can apply this construction with N) . This construction follows [2, Section 4.2]. Let Q be an arbitrary manifold, finite-or infinite-dimensional. We identify
Then we can define the covariant derivative
as above and thus we set
When Q = C ∞ (M, N), this defines a covariant derivative on C ∞ (M, N). Next we compute the connector, the spray and the curvature of this connection.
Lemma 3.1. Let ∇ be the covariant derivative on C ∞ (M, N) induced by ∇ g . Then the connector K of ∇ is given by
where
Proof. We will show that for all s ∈ C ∞ (Q, C ∞ (M, T N)) and all X ∈ X(Q), we have
To see this note that using Lemma 3.2 and Lemma 3.3 we have
To prove that C is the linear connector of ∇, we will show that C defined via C = L C g satisfies the identity
for all ξ ∈ C ∞ (T T N) and hence is the linear connector of ∇. First note that
Hence C = L C g is the linear connector of ∇.
The proof relied on the following two lemmas
Proof. Let x ∈ M and y ∈ P . Then we have N) ) and X ∈ X(P ). Then
Proof. Take x ∈ M and y ∈ P . Then, differentiating s ∧ (y, x) = s(y)(x) we obtain
with h ∈ T x M and k ∈ T y P . When we set h = 0 x , this becomes
which can be written in terms of a vector field X ∈ X(P ) as
Proposition 3.4. Let ∇ be the covariant derivative on C ∞ (M, N) induced by ∇ g .
(1) Let Ξ g : T N → T T N be the geodesic spray of (N, g). Then
is the geodesic spray Ξ of ∇ and it is a C ∞ -mapping.
(2) Let exp g : T N ⊇ U → N be the exponential map on (N, g), defined on a neighbourhood U of the zero-section, and
is the exponential map of ∇ and exp is a C ∞ -mapping.
Proof. The geodesic spray of a connection can be written in terms of the linear connection as Ξ(h) = C(h, h) ,
and since for ∇ we have
in other words, if t → q(t, x) is a geodesic in N. Thus, for a tangent vector h ∈ C ∞ (M, U) at q we have exp q h (x) = exp g q(x) h(x) . This shows (2) .
is the curvature tensor of ∇.
Proof. Let X, Y, Z be vector fields on
Using the definition of the curvature and the connection ∇ we have
and [12, Section 24.5], we obtain
where f = π N • Z ∧ . Now, using Lemma 3.2,
and hence using Lemma 3.3,
Now we apply Lemma 3.2 once more and obtain
Definition and covariant derivative
Finally we arrive at the L 2 -metric on C ∞ (M, N) . The metric is defined by
The following theorem summarizes the properties of G.
(1) G defines a smooth weak Riemannian metric on C ∞ (M, N).
(2) The Levi-Civita covariant derivative of G coincides with the covariant derivative described in Section 3.
Proof.
Step 1. The L 2 -metric is smooth because smooth curves are mapped to smooth curves. This is one of the main principles of convenient calculus.
Step 2. Let ∇ be the covariant derivative from Section 3. To identify the Levi-Civita covariant derivative, we first consider the case N = R d , not necesserily with the Euclidean metric. Then
is a vector space and we can use coordinate formulas for the Christoffel symbols. Note that the identity
shows that the directional derivative of the metric G is given by the integral over the pointwise directional derivatives of the finite-dimensional metric g. Therefore
which shows that the Christoffel symbols of G exist and are given pointwise by those of
, and hence we can identify the connector K G of the Levi-Civita covariant derivative ∇ G ,
where K is the connector of ∇.
Step 3. We embed (N, g) isometrically as a submanifold of (R d ,ḡ) for some d, wherē g is the standard Riemannian metric. Then
and the G-orthogonal projection exists and is given by
Hence the Levi-Civita covariant derivative on C ∞ (M, N) exists and its connector K is given by
whereK is the connector of ∇ on C ∞ (M, R d ) and K g is the connector of (N, g).
Reparametrization invariance
The L 2 -metric is not invariant with respect to the whole group Diff(M). In fact, if ϕ ∈ Diff(M), then
Thus ϕ leaves G invariant if and only if ϕ * µ = µ. Note that in local coordinates,
be the subgroup of diffeomorphisms preserving µ. Then the L 2 -metric G is right-invariant with respect to Diff µ (M). However, we obtain invariance with respect to the whole group for several objects associated to the metric. Proof. The connector K of the L 2 -metric is given by K(ξ) = K g • ξ, where K g is the connector of the metric (N, g). Then we have for ϕ ∈ Diff(M),
Hence the connector is Diff(M)-equivariant. The proof for the other maps is the same.
Another way to view this theorem is by observing none of these objects, which are derived from the Levi-Civita covariant derivative, depend on the volume form µ. In fact, the covariant derivative was defined in Section 3 before we introduced the L 2 -metric itself. This means that the Levi-Civita covariant derivative ∇ remains unchanged if we change the volume form µ. Since the L 2 -metric is invariant under Diff µ (M), we obtain equivariance of the Levi-Civita covariant derivative under all diffeomorphisms that preserve some volume form. Thus leads to the following question: If the answer to this question is 'yes', then we can prove Proposition 4.2 without having to resort to explicit formulas for the connector and the other maps.
Other spaces of maps
In place of the space C ∞ (M, N) we could also consider the space H s (M, N) of maps of a given Sobolev regularity s > dim M/2 or the space C k (M, N) of maps with a finite number of derivatives. The L 2 -metric,
extends smoothly to these spaces. The smoothness of G follows from the fact that composition from the left with smooth functions is smooth, i.e., the map q → g q , and that pointwise multiplication is a smooth bilinear map.
To calculate the Levi-Civita covariant derivative, the spray and the curvature we could carefully redo the proofs from the previous sections on the larger spaces. Following this path one would encounter some difficulties, because a vector field X on
is now a map with mixed regularity: C ∞ (M, N) in the first component and H s in the second. Identifying the precise regularity class of X ∧ is a nontrivial task. This has been done in some cases [13] . Here we shall follow a different path.
First, some good news. The correspondences
are also functorial in nature and everything in Section 2 remains valid for both H s (M, N) and C k (M, N). This follows directly from the construction of charts on these spaces and because left-composition with smooth maps is a smooth map.
(1) G defines a smooth weak Riemannian metric on H s (M, N).
(2) The Levi-Civita covariant derivative ∇ of G exists and its connector is given by
(3) The geodesic spray is given by
(4) The exponential map is defined on a neighborhood U ⊆ H s (M, T N) of the zero-section and given by exp :
(5) The curvature tensor is given by
is well-defined and smooth. Following [12] a smooth map K : T T M → T M is the connector of a connection if it satisfies the following three properties: Again, using the density argument we can conclude that ∇ is the Levi-Civita connection of the L 2 -metric on H s (M, N).
Step 2. The geodesic spray is given by Ξ(h) = C(h, h), where C is the linear connection of the Levi-Civita derivative. The linear connection C = L C g is characterized by the equation
and we can use the density argument to show that this identity extends from C ∞ (M, T T N) to H s (M, T T N). This proves the formula for the geodesic spray. That exp = L exp g is the L 2 -exponential map follows by direct verification.
Step 3. For the curvature tensor we also use the density argument, this time in coordinate charts. In local coordinates the curvature is given by R q (h, k, l) = Γ q (h, Γ q (k, l)) − Γ q (k, Γ q (h, l)) + dΓ(h, l)(q).k − dΓ(k, l)(q).h , and we have already shown that the Christoffel symbols on C ∞ (M, N) and H s (M, N) coincide. Thus we obtain that the identity R = L R g for the curvature tensor on H s (M, T N) is valid for tangent vectors in C ∞ (M, T N) and hence by density for all tangent vectors.
The proof of Proposition 4.4 can be repeated verbatim with the spaces H s (M, N) replaced by C k (M, N) . By doing so we obtain the following proposition.
Proposition 4.5. The statements of Proposition 4.4 also hold for the L 2 -metric on the spaces C k (M, N) with k ∈ N 0 .
